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PREP ACE 


The subject-matter for the following pages has its origin 
in various sources well known to the general mathematical 
reader; vet it is felt that the view of the differential and inte- 
gral calculus presented in the sequel generally does not come to 
be recognized by the student sufficiently early in his course. 
The view referred to is suggested in a number of excellent 
works upon infinitesimal calculus, but the writer’s aim is to treat 
the subject of this paper as a chapter in algebra, preparatory and 
supplementary to a course in differential and integral calculus, 
and not as a part of that course. The historical order of develop- 
ment has been followed in general outline, though the exercises 
are set in modern notation. The historical order of development 
of a science is usually (not always; cf. Hist. logarithms) the 
easiest to follow; moreover any other method withholds history 
and often fails to give a sufficient account of the science in- 
volved. This stands to reason for the actual development is like- 
ly to be the result of necessity. The reader is referred to several 
excellent articles and books for the history, which, after reading 
this paper, should be intelligible-to the beginner. 

The object is not merely to gain the historical view of the 
infinitesimal analysis but to prepare the student for the solution 
of problems in applied mathematics. The processes of differ- 
entiation and integration are acquired without much difficulty ; 
but to see the integral with facility in a problem in analytic me- 
chanics or physics requires clear notions as to sums and limits 
of sums. Such notions are of much more importance to the 


physicist and engineer than the more elaborate methods for in- 


LAES 


tegrating complicated forms: it is the desire to aid the student 
in forming these notions early, together with the writer's need 
of a suitable exercise book for use in his classes, that has been 
the reason for writing this paper. 

The following is suggested as a course in fundamental prin- 
ciples and exercises: Elementary algebra, including progres- 
sions; convergence and divergence of series including the 
elementary test theorems; sums of squares and cubes of 
first n integers; undetermined coefficients and decomposition 
of fractions; exponential and logarithmic series and logarithms ; 
elements of trigonometry; summation of series as in Chapter I, 
this book; derived functions; theory of equations, graphs and 
elementary limit theorems as stated in Arts. 7, 8, 9 and Theorem I, 
Art. 14, McMahon and Snyder’s Differential Calculus; permu- 
tations, combinations, binomial theorem; determinants, system 
of linear equations, elimination, Sylvester's Method, discrimi- 
nants; analytic geometry of plane and space; Chapter II, this 
book; differential calculus proper, that is, the rules and formulas 
of differentiation; Chapters III and IV; integral calculus fol- 
lowed by more complete courses. 

For a simple demonstration of the logarithmic series the fol- 
lowing is suggested: ¢¥ log (1+x)= (1-1); expanding by the ex- 
ponential and binomial theorems and equating the coefficients of 
y in the two expansions we obtain the logaritlmic series. Of 
course the limitations of this proof should be noticed. The 
formulas for the sums of squares and cubes may be proved by 
induction. An early introduction to the factor and remainder 
theorems with their application in drawing graphs and locating 
roots of rational functions is advocated. 

The kindness of Mr. H. H. Dalaker in reading proofs and 


verifying examples is acknowledged. 
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CHAPTER 1 
SUMMATION 


1. The Symbol 2. The series with which we shall have to 
deal are such that the zth term can «be expressed as a function 
of zx. Arithmetical and geometrical series are of this kind. 
Thus the wth term of the arithmetical series, a +(a +4) 
+(a+2d)+-, is (a AIT): any term may be written 
froni this by substituting the corresponding value of 7. As an 
example the third term of the series is (a + 3 — 1 d)=(a +2 d), 
as it should be. In the geometric series «a + ar + ar? +... the 
zth term is a7" ^, and from this, for example, the fifth term is 
ar’ +=ar', as it should be. Hence we see that the terms of 
an arithmetic progression are of the type (a -- x — 1 4), and the 
terms of a geometric progression of the type ar”, where x is 
to have the particular value corresponding to the number of 


the term in question. 


2. The symbol > is employed for the purpose of indicating 
that a sum of terms is to be taken. We define 


> @+4—1 2) 


to mean the sum of terms of the type (a tov -- TZ), 


> ar 


to mean the sum of terms of the type ar”, and in general 


> o(2) 
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to mean the sum of terms of the type $(x). Our definition, 
however, is not complete, since nothing in the notation indicates 
how many terms of a given type are to be included in the sum. 
Suppose, for example, we wish to indicate the sum of the first 
five terms of the series 3, 5, 7, 9, ~+; we should write simply 
2 (3+2 er), and have to explain that we are to sum the five 
values found by making x successively equal to 1, 2, 3, 4, 5, in 
(3+2x—1) We complete the definition by attaching the 
limits of x in the following manner: 


qu 


> (342x—1) 
Ri 


the limits designating the first and last values to be given to +. 
The limits may be omitted in any problem provided they are 
understood. 


3. The student will have no difficulty in verifying the follow- 
ing illustrative examples: 


> 21+1)=2 4+2:5+2:6+2:7+2-8 Es 5 — 60 
y — 

DS era 2? pF tt oh - IE T 

3 ZT I 
a 

2 

10 

Pee o OOR C D): i0 E23 
1 6 6 
$ +07 os 
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SPUR EEE SONO INO ELI 
Da > xa ue 


4. In the preceding paragraph we were concerned with find- 


ing the value of D (x); in the present and following article 


we shall solve the inverse problem, having given a series of 
the form $(m) + (me + 1) + --- + d(x) to find the equivalent 


expression > px). As an example take the series 


n 


3 des 6 I ARE 


TERROR and 


We observe at once that the signs of the even numbered 


terms are negative; this is effected in the summation by intro- 
ducing the szez factor (— 1) ^, so that when : is odd the sign 
is +. We notice further that each numerator is greater by 2 
than the number of the term in which it stands, while the first 
factor of the denominator is 3 greater. . The last factor of 
the denominator increases 2 units per term, and is 5 in the 
first term, hence it is 34-2 z in the zth term; that is, it exceeds 
twice the number of the term by 3. The sth term, therefore, 
expressed as a function of z, may be written 
NO) 
(n + 3)22+ 3) 


and, all together, there are 22 terms. 


( I 


r=» (a es He 2). 


2} pees) 4 24 
ER UM E, A 
ES 25:47 2 (13127 + 3) 
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5. Let the student verify the following equalities : 


¿=10 


Ley I I 
ESE |10 2: 
4 5 ” 8 n-1 
3 3 3 
e Se 3 = zz 
4 g t Tiz mole 
A 1 N T 1 
A => x 
BR 1 t 
Dream ie E SEEN Ay, 
ae 52 : 
DERE I II Ne 


239 ES $ al? Y ~i 
299 2 sU +(— 1)'z" 

— = ; 
j m y log m 


6. The following identities are obvious, being consequences 
of our definitions and the ordinary rules of algebra : 


YH} | Esto pd Seen re 1 Soe} 


me rl s+1 
PE À 
++ Dom). (a) 
Me J 
12 4 6 10 12 
TLLUSTRATION. SES ES 
1 1 n p u 
tn 
Yet) = DASH PEZ DARAN, ) Tse TAS Eee) | 
a—p «—p m+p | 
n MAR À b El (à) 


m mer 


Y= Vow - 5, Xé6-22X60)| 
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4 d 
ILLUSTRATIONS. N 2 M x uS I =; E À 
$c cavea E II a 
5 % 9 7 
Se = Sam, S1 EX y r7 
is % z=) 3 
>| 
2, 2, 1 PU) TOW Oy dece os D i 260) y 


( t f t 
o pets Dro}. (e) 


ScHOLIUM. The braces may be omitted from the second 
members of (a) and (c), and when there are several summa- 
tions of the same function for different sets of limits, as in (a), 
we may further abbreviate thus: 


Bo node: +3 boc. 


ScHOLIUM. We suppose in this article that none of the 


quantities involved are infinite. 


7. Summation of Series. With the aid of the relations 
treated in the preceding article the summation of many series 
of the kind we are considering can be effected. This can 
always be done if the series is one whose sth term can be 
expressed as the difference between two expressions, one of 
which is the same function of (z t ^) that the other is of x, ^ 
being an integer. When this is not the case, other artifices 
must be employed, illustrations of which will be given, but the 
device alluded to above is the one of fundamental importance 
and to which most of our attention will be directed. 


EXERCISES 


1. Sum the series m + 4,+%+---+4,-+--:, where z, is capable 
of being expressed in the form p(x)— p(x + D) Jen 
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SOLUTION. > Mo > ES — d(x + J 
s=] 1 


n n 


= Yen) D, (x +2) 


2. Find the sum of the (1 — zt + 1) terms from the sth to the wth, 


both inclusive, in Ex. 1. 


SOLUTION. > di. eum > (x) — >: p(x +) 


Lm—p m m n—p+] 
RUE n+p 
E 
He m n+l 
m=+p—1 
hs es 
n m 
m+p—l | 4 


ScHOLIUM. There are fewer terms in DE > than in > only 
n+1 


when 25«("m—m--1). The most important case is ones p=, 
this giving two terms in the result, no matter how many in the given 
sum. ‘The sum to infinity is found by passing to the limit when 7 = œ ; 


m+ 


thus, Xs-X40 eae a E 


Un n+l 
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3. Find the sum of z terms of —— +. ak +... and also the 
Di - i ooi s ed o 
sum of the series. 
` mo 5 F Sats 
SOLUTION. The zth term is ————_. But by decomposition of 
MA] 1) 
E I I I 
ACUOU eer. . 
22 22-1 O na te 
x I SET > I 
: n(m-4- 1) TX y ees 
I “4 > I 5 I I 
PAT mt x ee 
I 
= | — —— 
24-1 
: T I I 
Therefore, uides ccr ee Se L 
1:2, 2*3 374 
I I I 
4 Eis == Tem? 
ET AS) 
A I Ii I 
SOLUTION. = 
2(2 2) 2\2 = 12 


QNA I ER TAN u T 
EAS 2 24 el 


n=l 


. . . I I I 
Hence the sum of 7 terms from the beginning is m |; N | 
I 


; LL E I 3 
Passing to the limit when 7 = œ, we find that + He = 


seca 4 


n 


: =? 
eS ae 


1 


SOLUTION. eer es She N: 
x(x+6) 6|x x+6 


E if I na A A l i 
ori ciis Cds 


8 SUMMATION OF DIFFERENCES 


, : s. ; n I 
dans ie are ee 6 2 IO S Utd 


n 5 
1 
5 


n+ I 

BR 

n n 2d Pe | 
ril GC GR à, 


I I I T 


E -+ 
611.4 12257 3-07 EE EE, 


O AS 
-M : 

+ 

-M 

| 

M 

| 

M 


I I 
(142) (14-5) CIA 
The sum to infinity is e 
080 


Re cir LL NS 
Y Der Tate) 4 
SOLUTION. "Ue uii up lE Td : 
n(mn- 1) (1+2) n(n +1) (n+1) (2 +2) 
Soe Ewe A voL = r+3 = | x +3 
BO DIS [$n DIEA a 


X + 3 z ap "3-3 
2+ — -— 
XS Ze (74-1) (2 + = 


I gue 
7 XX + Sp (a m) 


. I I ace 
2 - ern 
s( ot j (2 + 1)(n + à 
IO OE I (nee 
= - 2 y — i 2 
2| B (X D x (nai) +2) 
— A i ) m+ 3 
2| \2 +1) (n+r)(n +2) 


) ES 1 I oem 
SIL ESSE n QU D(n Le) 


is the sum of » terms. Passing to the limit, we derive the result required. 


yc ee 
+ 
a 
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7. Find the sum of z terms of Z— — 3. + etc. 
ER Dre S ONT 
SOLUTION. EU L Tet Son: 
(224-1)(22 +3) 2 2L A an +3) 


n 


(— 1) (y +1) di ds sj eae bee pue 
MAL EL (E ree (TT He 
D Out s 2 > ) 2v+1 > ai 
EAE 2 Š "susc - s) y NETZE CET 
=== (— 11. + — 1) — ILL 
aE >. : 27 +I > ) TETAN D D x 


1| 2 2 = Mae 
ES (— y+1 "T LE ne LE” 2 
92 ry 4 (1) ved 


= n—l 
ES ue xu 
3 2 271.12 


N 


A A er at PON 
2 13 14 [72 +1 
SUGGESTION. X zd do 
|x + 1 je [e+ 1 
9 I E I E I Wi 


aer 7 
GO ge PE RE ay 


de 


ROS T Im I 7 
x(x + IE aj x? (65 1e Ly 


SUGGESTION. 


- I n 
1i o ER e 
A 2 


1 T I 
SUGGESTION. A 


Ie qr | à aie 4 z)pu 


12. Find the sum of any 7 consecutive terms, and also the sum to 


infinity of 
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13 Ee E deum em dem 
USB jb ja É 


SUGGESTION. The zth term should reduce to 


I I I I I 
4\22—1 gr” 


PMs = a 


pe of n terms is 1 E = eae 
4° 2 x n 
Ans. - s ( 3 

| Sum to infinity is —- 


14. Sum to z terms the series 


COS X + cos (x + y) + cos (x + 2 y) +--- 
SOLUTION. 


2 COS x sin y = sin (x + y) —sin (x — y). 


POE medi P 
2 COS (x +72 — I y) sin == sin ( 


AN : A Qe). 
SS A | 
2 2 
whence 


2 
r r ni ^ 
ET Y — y 
SD EI CR beds. hos ces 
2 2 2 

n=l 1 


G SEO Ow | a } 
=sin{ *+ 27—1-)—sin ze: . 
2 2 
Hence the sum of z terms is 


4 nee en y h y 
sin (s -27—1 z) — sin (s —7 ) 
2 2 


y 


0 


2 sin- 
2 
15. > sin (e +2) =? 
I 2 if 
16. AU Stier 3 dues cu n 
TM 10025235 Tan "OO 


I-3*5--27--I 
Before proceeding with the solution we give a definition quite similar 


b 
‚to the definition of > p(x), namely : 


aly (x) = ym)y(m + 1)4 Gn +2) ew). 
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SOLUTION. 


Il 


ome lou 2 


g=l 


rune I 2 I 
Ez [AAA IEA 
zilli2x--r ;ill2x-Lr 


<= p Al 
e I n—1 n I 
2 z — 
z=0) == IL x + T 
«=O 
25" I 
= I 
2 E 
Ho xp 
r=) 


SCHOLIUM. Solve > u by this method. 
n+1 


8. ScHoLIUM. In solving these examples the sums of the 
(m —n+ 1) terms from the zth to the mth, both inclusive, 
should be determined also. Additional examples will be found 
in C. Smith's Treatise on Algebra. 


CHAPTER 11 
LIMITS 


BEFORE beginning the study of this chapter it is necessary to 
know the definition of a limit, the meaning of the symbol =, 
and the elementary limit theorems mentioned in the preface. 


9. Theorem. The limit toward which the values of the frac- 
na X 


, ta 
trons A 
D tan # 


x is taken indefinitely near zero, is unity ; or in notation, 


tan x= 3 a4 s 
ae AE ==, Il. 
zt Neen tan x l.-0 


Proor. We know that tan x > x > sinx.* 


approach indefinitely near, when the value of 


oe 
SS COS 
tanie 


If x f be taken sufficiently near to zero, cos» can be made to differ 
from unity by a quantity as small as you please ; therefore, with greater 


x ae : 
reason, ——, which is less than unity but greater than cosx, can, by 
tan x 


taking x small enough, be made to differ as little as you please from 


50 > 
= 
tan X |.-o 


Let the student prove the second part, 2.e. tan z] = 1. 
2d PER 


unity. Hence, the theorem 


It should be noticed that we do not say er E. 
tan + X 
ever does really egual unity, but that unity is the Zzz toward 


, 


* The student should demonstrate this inequality, referring to some trigonometry 


or geometry if he has forgotten the proof. See Levett and Davison's Plane Trigo- 
nometry, Vol. 1, p. 78, Cor. 


T Here we use x to mean the value of x, and*hereafter shall frequently do the 
same with reference also to other symbols, 


12 


LIMITS 13 


which either fraction approaches indefinitely near when x is 
taken indefinitely small. 


Lt tan Xu IY £ 


Cor. $ a 
duo x vo tan x 


sin + GE : 
10. Theorem. ] EU nde ] e. 
see |e SEA ne, 


Let the student give the proof. 


sin x E 
Cor. ds e MENU 
= E SST 
EXERCISES 
tan =] 
= 1 
x 20 
p tan ax o Ae ee : 
SOLUTION. ] =-, which is indeterminate. 
vu Mesa 
tan ax tan ax tanz . 
But —=a =a , if z= ax. 
X ax Z 
17 tanux e qe tan ax _ It tangy 1; tanz 
SAO) 7m pco ax 3 AT U lo Z 
tan ax 
Lt An 
T= O x 
: Lf X I 
2. Find TM Ans. — 
# —0O sin mx m 
: ax 
3. Find n — Ans. a 
O anos 
4. (5 — x) cot (5 — = =? 
x =D 
SOLUTION. (4— x) cot (5 — =) = o x o is indeterminate. 
p 
(6 — x) Lt,  (0—x) 
— #) cot (6 — x) === and 3. > = I. 
But (b ) ( ) tan (6 — x) x = btan (6 — x) 


E (Ba) cot ( — x)= 1. 
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5. Find H ,(c— x) cot(@—2), e s 4. 


A b=x 
SUGGESTION. e-o- =D 


ANS. ©. 


i PL dee ane 
6. Find netz x)tan- 


(2 — x) tan 4 is indeterminate. 


E 3, 

ip ak tie ae DE 2 SA 
But (2 rx x) eu X T T T T T T T 
COL | tall en tan (7 — 5 
j 2 Xx 2 X 2 X 


8 


Now - — 1; hence our answer is 
A — A T OT 
tan ( € z) 
2 ers 
ZI : Ik ee LE 2%, 4 
that 1S LS = B — | — I = — — + 
T l ? x*=2 x— Giz ( ) E 
ES DEX 
3 d E T I 
7. Find the limit, «= 0; of x tan SE Ans. = 
€ 


8. Same as Ex. 5, when x — c. 


ll. An Application of Principles. Draw a circle of radius a. 
Divide the radius into z (say 8) equal parts, and also the arc of 
the quadrant whose origin is the extremity of the divided radius. 
At each point of division of the radius erect a perpendicular, 
and from each point of division of the quadrant drdw a radius. 
Draw a curve through the points of intersection of the perpen- 
diculars and corresponding radii, beginning at the origin. This 
curve is the gwadratrix. Take the origin of the arc for the 
origin, O, of rectangular coórdinates, the divided radius being 
the axis of X. Let two points, P and P}, move uniformly, one 
in the arc of the quadrant, the other along the radius, so that 
both start from the origin at the same instant and arrive, P at 
the extremity of the arc of the quadrant, and 7 at the center, 


LIMITS | T 


C, of the circle, at the same instant. It is clear that the per- 
pendicular from 7^, intersects the radius from P in a point of 
the curve, and that the vertical intercept is the ordinate y, of 
that point; that OP, — x and etd 
a 
ae = Let the student show that 

; a 


A 


= «, the measuring arc to the 


angle PCO. Also 


TI AA 


6468 


y=(0 =x)tan 


is the equation of the curve. 


ZA becomes indefinitely near to unity when x is. 

DU 

tan — =) 
PLA 


taken indefinitely near to a; therefore 


s ZA 
d AS 
ud T 


Hence, if $, 1s the ordinate for = a, 


2a Diameter of circle 
Jo Maximum ordinate 


Ge 


We have then a mechanical means of determining an approxi- 
mate value of 7, by simply dividing the diameter of the circle by 
the maximum ordinate as found by construction. An approxi- 
mate value of 7r (one of the earliest determinations) was found 
in some such manner by Dinostratus, about 400 B.c. The 
curve is frequently called the Quadratrix of Dinostratus, but 
was invented about half a century before the time of his guad- 
rature by Hippias, supposed of Elis. The curve is also em- 
ployed in the trisection (transcendental) of the arc, and, indeed, 
may be used to find any fraction of an arc. An irregular 
draughting curve is of great assistance in the construction. 
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Check the construction by plotting two or three points of the 
quadratrix from the equation 


y — (a — x) tan Z. 
2a 


12. Archimedes (born 287 B.c.) of Syracuse, the greatest 
mathematician of antiquity, found that the circumference of a 
circle was “greater than three times the diameter by a fraction 
less than 1$ and greater than 74 of the diameter.” His method 
was to inscribe and circumscribe regular polygons of 96 sides 
within and about a circle, and then from actual measurement 
to compare the perimeters with the diameter. Thus if P, and 
P. are respectively the perimeters of the inscribed and circum- 
scribed polygons, and A the radius of the circle, he found 


P, 1 P 
= > > — 
DIR O 2 


= 314. 
Let the student explain the double inequality and also make 
: BR: fey : M 
an estimate of IR and IR by measurement, after inscribing 
and circumscribing regular polygons of 24 sides in and about 
a circle of 5 or 6 inches radius. The following inequalities 
were established in this way: 


DEL o ; A A 


13. Theorem. (1 + B ] =e, where eis a number which lies 
between 2 and 3. Cl hearer 


Proor. Letz be a positive integer. Then 


Gomes 
£ IW |f i y nee 
(+= + 1+ I CES Lt O D à 


LIMITS 17 


by the binomial theorem, and 


I I 2 
I m+l E -——) € (1 ) 
( ds —) Ve I A Wh ae Al w+ I 


m + I 


+ ... «54 
edi 


by changing zz to m+ 1. Whence it is plain that 


E E T ee ( D'un 
V oom-4 i as ex y 


if 
74+ 1 


m+1 
since, after two terms, each term of (1 + ) is greater than 


E I n y 
the corresponding term of E T ) , and, moreover, there is 
7H 


m+1 
) . Hence, when x is increased 
A4 ce Al 


: ADT TNE 
by unity, x being any positive Integer, (1 F 2 INCICASES. 
X 


one more term in (1 2 


"i b E T m 
Again, it is clear that (1 +) can never be greater than 
the series 


This last series is less than 


I I I I I 
I I = == ... z= = 2 
LUUD D er 


Whence € dr E 3 — 2 


m Dus 
m being a positive integer. If we take m to be a very large 
positive integer, we see that (1 +1)" <3 however large 72 
may be, since it is always less than a quantity which can never 
E 
be greater than 3. Therefore, since (i = al increases con- 
tinually when : does, s being a positive integer, but at the same 


3 : E Iis 
time is always less than 3, and since ( +) = WENSEE 
F z= 


E 
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IY Nase : : 
that r1) must approach some limiting value which lies 
between 2 and 3. Call this limit e, and the theorem is proved 
for a positive integer. 

To prove the theorem for a positive fractional value of x. 
Let 0 be a positive fraction, and m and z two consecutive 


integers, such that 
m=n+1, and m >0 >n. 


Then (: + =) = (1 + 3 = (1 EI >, 
m 0 7 
¡NO TU rV 
and (1+2) <(1+ )«G- 
m 0 7 


/ pm. IM? 1\ 7+8 
that is, E + > < (1 + ) < (1 + 1) , 
m 0 ny 


« and B being positive proper fractions; hence 


a) IM? I n I 
"i <(1 +5) <(1 +2) (+5) 
(me) u n 

m 


If 0 is made to increase without limit, #7 and z consequently 
do the same, 


I y I Y HNIC IN 
I — |= =|= == = Ni, 
( +5) 1" (rez) p (12 =e, and (1 +2) = €; 


pi > M ) 
therefore (1+3) =e, 0 being a positive fraction, and the 


theorem is proved for positive fractional values of x. 

To prove the theorem for negative values of x. Let x be 
any positive number, and put y — — x; hence y is numerically 
equal to x, but negative. We have 


See 
7 (143) = 


| 
GES 
+ 
1| 
re 
Lx 
+ 
Ay 
| —_ 
cie 


LIMITS 19 


Hence the limit, when y approaches negative infinity, of 


LC 
( + >) 15 2: 
Jj 


IM : E. À 
Therefore (1 + z) ] — e whether x be positive, negative, 
t= 


integral, or fractional. GED: 


SCHOLIUM. For other proofs of this theorem see Todhunter's 
Differential Calculus. 


14. The Value of e. The student may be interested to know 


ES TANZ ER 
the value of e. By definition, e — Eu. (1 + ) Masa 
i= X 


whatever way x is made to approach infinity, whether positive, 
negative, integral, or fractional Then let m be a positive 
integer; whence 


Let the sum of the first z terms of this series be denoted by 
S,, and the remainder after z terms by r; that is, 


I 2 — 1 I N 
I Pen w eee I = [ee I urn D I Se E 
are m 172 m m 


paca E ae E 
n In [n t 
the remaining (zz + 1 — z) terms of S,,,1. 
H Rie I 7 I + I 
ence —- —-e — 
en | 


Lr I I 
SAN sa UD lcm Ma 
Z n n 
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R ‘si I I | 
n< Der DES 


7 
and ( a 3 = Se en 
172 


Lt 


Il = oo 


It is clear that if z be any finite number Sy be MI 


a A RE wbich seallra, A Fra say, 5 uc ME 


n 
where p is a pe quantity that can be made as small as 
you please by taking 22 sufficiently large, z being finite. We 


have then 
I 
Sn < So Se E es == a + ——— 
e 
I I 
or Un — P< Se a eras . 
72 —1|z—I 


Passing to the limit when zz = œ, we have 


I 


lin E NL == 
m—ila=T 


If z be taken sufficiently large, can be made as 


Im 
small as you please, and therefore, if z is large enough, z, will 


differ from e by a quantity smaller than 


; thats, 
z—1|z—1 


smaller than a quantity which is as small as you please. Hence 


I 
e dM c tc 


E 


We may now find the value of eto as high a degree of approxi- 
mation as desired. For example, 


I 
"Éric T ETC: 
$) 


and Sr 
= he 


| Pye 
oo | - 
ol 
A 
O 
Q 
© 
Q 
re] 
fe) 
ix 
[xm 
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Hence the sum of the first nine terms of 1+ > E differs from 
T s 


e by less than 0.000004, and consequently will give the first six 
figures of e provided the sixth decimal figure of the sum is less 
than 6. For clearness the calculation is arranged as follows : 


e Sale LS: 

ZZ 
2.000000 = "I F I= |r = 2.000000 
.5000000 = Wess en = .500000 
.1666666 < TS < O 
.04 16666 < 1A < .041667 
.0083333 < Ty < .008334 
.0013888 < 1050 < .001389 
.0001984 < Dez < .000199 
.0009248 < uU ede « .000025 
.0000027 < 1 + |9; 1 + 8[8 < .000004 
.0000002 < T =|10; 2.718285 


2.7182814 


Hence e lies between 2.7182814 and 2.718285, and conse- 
quently 2.71828 must be the first six figures of e. As a matter 
of fact 2.718281 are the first seven figures; but to prove this 
would require further investigation. Dy taking in more terms of 
e, and carrying each term sufficiently far out, we may, by reason- 
ing analogous to the above, find the value of e as nearly as 
desired. 

It will transpire that e is the base of the natural system of 
logarithms, an absolutely incommensurable number. It is called 
the Napierian Base in honor of Napier, the inventor of loga- 
rithms, and its value to thirty decimal places is 


2.71828 18284 59045 23536 02874 71353 
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: 3 
15. Theorem. s = e, 
24) 


1 
(1 +2). 


1 
le e o (1 +2=e Q.E.D. 


Proor. Put —=z, then 


16. Theorem. ex = log. a. 
U il 


Puta =z +1. Thenif v=o, z=0. We have 


: log, a” 
log,(1 +5) = “log. (1 +2 2)= x. VS 


LINGE Lt log, a 
M A A Q.E.D. 


log,(1 + £ 


Cor. í — = log, e. 


17. Summary. We have demonstrated the following impor- 
tant theorems : 


Lt etal ie a2 


ee RAE 
Sin Dr 
iru. LACS dio 


RICHT: log, a ; 
DT RES N 
HO a— 1 = 108ae; 


I^ 
PRET epee ee Lee ae 
EME HE 
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18. Application to Analytic Geometry. Problem. To find 
the slope of the tangent through a given point of a curve. 

Let y = f(x) be the equation of the curve and P, = (+, y,) the 
given point. Take another point,* o) Ol AE Curve: 


Then = is the slope of the secant line through P,, P,. 
By taking Pi sufficiently near to 74, the secant P,P, can be 
made to lie as near the tangent through P} as you please, and 
the slope of the secant can be made to differ as little as you 
please from the slope of the tangent; that is, if P,= P,,f then 
V2 = Ji 44 = Ty and we have 


AT = slope of tangent. 


Xy da 


Letthe symbol Ayz*;— 5, and, Ar =4,— 34,31 


then Nace a A Jr. A7, 
Ji — fon) Ja Ay =f + Ax), 
and Ere Ax Lt Ag ECT fer Oe) m (Ey): 
P =X x, — = = Arco ^x — Ar=o Ax 


Therefore the slope of the tangent through the point (x, y) 
ob'the.curye j= Cr) 18 


AOS Det rA n 
Rear ho h 


Let the student draw the figure and review the proof. 


EXERCISES 


1. Find the equation of the tangent to the curve y = x” through the 
point whose abscissa is 2. Thus, x, = 2, 1; = 4. 


* Barrow's method for drawing a tangent. 

t Here the symbol = means //erally ‘approaches indefinitely near to." 

+ It is to be noticed that these definitions of Ay and Ax imply that Ay is a function 
of Ax vanishing with the latter, y being also a function of x. 
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bee ul o anne 


> = Ax. 
SOLUTION. A +. me 4+ 
Lt Ay 
ie Om slope of tangent = 4. 
Ans. (y—4)=4(x— 2). 
2.. Same as Ex: 1 for curve y = X^. Ans. y — 12 X + 16 =0. 


3. Find the tangent to the curve y — - at the point (x, 1). 
I I 
JG + 2) — f(x) wp TE. M Eee SN 
Á Pu h ala, +24) 


SOLUTION. 


: I Rac 
Hence the slope of tangent is — —,, and the equation is 
x 


(yn) aa). 


4. Find the slope of the tangent to y= 2 at the point (x, y). 
Hh = 
; 1 = 
5. Find the slope of the curve y == 
x? 
I I 
Ay mn 3 py 
SOLUTION, n T <= =; 5i E (x - a? _ QE. x : (a 3 
X f Ax? (x +h)? 
zu lt — I 
m 1 = 
17? ho + yp +e + 01 


Ans. — 1x ?, 


6. Find the tangent to the curve y — = at the point (x,,1,). 
3 


A 


=p 
Ans. y —yy = — $a *(x—x,). 


7. Find eo Atze D O Ee following : 


3 PEF — ~ — 
yomx*, yseva, y=Vatm, SET 
8. Find the slope of y = sin x. 


2ROS d À 
Ay _sin(x+#)—sinx _ * x+ sin 


Ax h h 
SUGGESTION. Use a theorem of the summary at end of Chapter II. 
Ay 
Ans. a E E ER 


Ax =0 Ax 
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: Je DIS 
9: opea UM E 


Lt Ay 
Ar =0 Ax 


= 207 log, 4, 
19. Notation. In the preceding problems our object was to 
find the slope of a tangent, which was found by performing the 


operation indicated by Bere or by Ja 19 an 
But this may be done whether we consider y= f(r) to be a curve 
or not; and the result is, in general, another function of 2, 
derived by this process and called the “first derived function,” 
“first differential coefficient," or simply the “derivative” or 
“derivate” of the function. Thus the first derived function 


of f(x) is 


= 


Do fete) Cr) 
O a 


, 


and the first derived function of y considered as a function of 


AS 
Tee Ay .* 
AG= Oy? 


these being the expressions which fully indicate the operations 
to be performed upon f(x) and y. We will also indicate this 


by the symbol E: written before any function whose derivative 


with respect to x is to be found. Thus 


d dy Lt Ay 
old ) or Ze means A EOD 


NL Ee ERE) 
and A m 320 j^ 0 


* Ay is by definition above the increment of y due to the increment Ax of x, y 


being also a function of x. 
+ The notation dy and dx for the infinitesimal increments of y and x was intro- 


duced by Leibnitz (Zezöniz). 
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Another notation frequently employed is explained by either 
of the definitions 


| "ul Dy cR DE 
VACOEE p fle), ee Per > $) 


The slope of the curve y= y(r) may be expressed by any 


one ae 
Lt Y(+2)—v(i0) n Ay 


p J) = Azo Z > ArzoAr va) 
EXERCISES 
1. Ea =3 (044) fen e. 
2 y SA ia a COS ax. 
; dx 


S /(#)=<", 2. being a positive integer. Me) px t 


4 d A , od E 
. — COS g% =— asin ax; — tan x = sec? x. 

ax ax 

x + I 2 
Br LUE > $ (a) ==. 
S (x= 1)* 

6. y — log, a2. y (2) = Ly 
7. oe =? SUE z=? 

dz dm 
SA y= log p (2), prove dy = $'(x) E 

de $(x) 

SOLUTION. 


CAN ns 155 o (x +h) 
ANS WA em p(x) 


= jou] 1 $6309. h ] 


h (x) 

PC) 

= y y s 
KE ak +9 (x) + e] x €] =O 


eI ere logl(z+2) ato 


9), 
dx po) 
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= 


9. Solve the first fifteen or more examples at page 50, Todhunter’s 
Differential Calculus, by Fermat’s method, indicated by 


Lie ey (x) 
Mate h 


20. The Differential Calculus. We have seen how, by apply- 
JG +h) — f(x) 
2 


ing the formula , and, after certain algebraic 


reductions, passing to the limit of the fraction, we have been 
able to find the first differential coefficient of f(x). This pro- 
cess is called differentiation; and when a function has been thus 
operated upon, it is said to be “differentiated.” Now as there 
are but six fundamental algebraic operations and only a few 
transcendental functions in common use, we ought to be able 
to devise simple rules and corresponding formule for writing 
out the differential coefficient of any such given form. For 
example, in our last lesson we found the derivative of x”, n being 
a positive integer, to be zi" !. It can be shown that this result 
holds for all values of 7; consequently we have the rule for 
differentiating any power of a variable with respect to that 
variable: “Take the product of the exponent and the variable 


"ibus: dx pe 


with its exponent diminished by unity. ; 
da 


p N =f 
d p 3 d xy etc, generally: 
dx dx 
These rules and the formulæ expressing them in mathe- 


matical symbols constitute the differential calculus.f Hence, 
by means of a few simple rules we are able to tell what the 


* Strictly speaking, Fermat's method is one for determining the maxima and 
minima of functions of a single variable; but as it is so closely related to the funda- 
mental formula, ern ze) that Lagrange and other eminent mathematicians 


A 
would have given him credit for the invention of the differential calculus, it seems 


quite proper to associate his name with the ¿general formula of differentiation. 

+ Invented by Isaac Newton (1642-1727) and Gottfried Wilhelm Leibnitz (1646— 
1716) independently. While Newton certainly had priority, yet the notation of 
Leibnitz was as certainly superior; and thus it is that the honors are quite evenly 


divided. 
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i“ QD) 
Ne) jh 

carrying out the indicated operations, which become in many 
cases exceedingly involved and difficult of execution. Herein 


lies the advantage of the differential calculus. 


is, without 


result of applying the formula , 


21. The student should learn the rules and formulae immedi- 
ately; and how to apply them. Each formula should be demon- 
strated zudependently of any other rule of the calculus, this 
being facilitated, in the case of the trigonometric, logarithmic, 
and inverse functions, by the summary of Art. 17: illustrated 
in the exercises of this chapter. 


-————————— ci cs 


GHAPTR RIL 
AREAS AND LIMITS OF SUMS 


22. WE proceed to examine a method for finding the area 
enclosed by a given curve, the axis of x, and any two ordi- 
nates; and thence a method for finding the limit of a sum of 
4 terms of a certain form, when z = oo. 

Let y —/(x) be the equation of the curve, f(x) being an 
increasing function in the first quadrant. Suppose we require 
the area enclosed by the curve, the ordinates f(a), /(6), and 
tie aus c Suppese 0.>4. Then the base.-of ‘ the area is 
(6— a) in length. Divide the base into ~ equal parts and erect 
ordinates at the points of division. There will be (z + 1) of 
these ordinates, y,, ys, --- Jn and their common distance apart 


ile be 2 


—=% which call Axz/. Further, we can calculate 
7 


the lengths of these ordinates from the equations y, =Y(a), 
nm =f(a+ A), y,—f(a--n—iAE)ef(ó—A, Ina =J (0). 

If from the points of intersection of these ordinates with 
the curve, parallels to x be drawn in the positive direction to 
the next ordinate in each case, we shall form a system of z 
rectangles, 

o JV aft; TJA 
whose area, Ile Je Ho e yu, 


is less than the required area; each rectangle lying on the 
positive side of its generating ordinate. If the parallels are 
Arawn in the negative direction, the area, Vat + yg + + Jua 
will be greater than the required area, and each of the x 
rectangles will lie on the negative side of its generating ordinate. 

If f(x) be a decreasing function, the inequalities will be 
inverted. If /(r) be part of the time increasing and part of 

29 
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the time decreasing, or vice versa, the inequalities may or may 
not be inverted. In general we shall have inequalities ; thus 


n+l 


Era ASS vd 


A being the area sought. We will call that system of rectangles 
lying to the right of their generating ordinates the system X; 
the other will be Z. Then 


R= >», Des n. 


n+1 


Now L—R= > HA > Ju — (Jua IDA 
2 1 


that is, the difference between the area of the L system and the 
area of the R system is the same as the difference between the 
areas of the last L rectangle and first R rectangle ; a very impor- 
tant result. 

Let the student draw the figure and interpret the result 
graphically. 


23. By taking Z small enough, and consequently z large 
enough, (5,41 — y,)2z: L — R can be made as small as you 
please. Therefore A, which lies between L and À, must differ 
from either by less than |( y, — y,)7|. Therefore 


n4l 


cu age o2, rh = À. 


Whenever one of these limits can be found, the result is the 
exact area required. 

ScHOLIUM. Since 7 is a common factor of the terms of Er 
we may write, 


L 
A = Ea Vr = : hd Ie 


Tati ice 
24. The inequalities and reasoning above may be expressed 
in another way, employing the-equations y, = (a), y, = f(a + 4), 
Nf (B A) Vi = TC) rer andes slightly modified 
notation, thus : 
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b—^ 


f(ayh -f(a ++ f(6— 2 Ay LFU Ay > f(x)Ax=R, (a) 


AS 
a=b 


Sarny at 2At FOAN. Ty I fa) L. (b) 
This notation means that + is increased by Ar from term to 


term, from a to (6 — Ax) in the first summation, and from 
(a + Ax) to à in the second. This implies that (^ — a) is an 


exact multiple of Ax; but that follows since te = 71, a posi- 
X 


tive integer by definition. It is not necessary, however, that 
this be so, nor indeed that the Ar’s be all equal, for inequalities 
of the kind considered can àlways be devised by having 


n+l 


Dar, <(ö-a)< 2, Az. 


The question of incommensurability will not be more closely 
touched upon here. 
Hence from (a) and (2), 


b— Nr 


Liars AT = fas 
But > - dm [ (8) — f(a)]Ax vanishes with Az. 
Therefore À = Eo E mo x)Ax, 


by reasoning the same as before.* 


25. Let us apply the acd reasoning to a Concrete exam- 
ple. Take the curve y = 4 x2, say, and let it be required to 
find the area between the ordinates where x — 3 and x — 6. 
Use coórdinate paper, drawing in the curve very nicely with an 
irregular draughting curve. The points are located most expe- 
ditiously by means of a table of squares. Adhering to our nota- 
tion, suppose we divide the base, (6 —a), into three parts; then 
9415.9, Ya — 1.6, 192.5 4,7 3.6, Ax — 1,423, 06,03. 


DS yh=50<A< yh = pr 


* This method of quadratures, as explained in the last three articles, might be 
termed the zzoderz method of exhaustions. 
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Hence the area, A, differs from 7.7 or from 5.0 by less than 
(y, — y) = 2.7 units; also seen from 7.7 — 5.0 — 2.7. 

Next divide the base into six equal parts; then 7 = 6, 
Ar =} = %, and 


Jets 000 
Joss 12225 
J3 = 1:900 
J47 2.025 
gis ss 2:500 
Js = 3.025 


6 
2792 310075 
6 : 7 6 


> = 5.0375 and > = > Hl EMA = 0.0875 


1 i: 


Hence 5.6375 « À « 6.9875, and the error is less than 1.35 
units, a closer approximation than before. 

Again, take Ar=/=.I. Then from a table of squares we 
readily find the numerical values of the consecutive ordinates 
beginning with the second to be as follows : 


961 1.681 2.601 
1.024 1.764 2.704 
1.089 1.849 2.809 
1.156 1.936 2.916 
1:225 2.02 3.025 
1.296 2.116 3.136 
1.369 2.209 3.249 
1.444 2.304 3.364 
1.521 2.401 3.481 

wl 600 2.500 3.600 
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31 
and > = > -yal + y = 6.1655. 


1 


Hence, 6.4355 >4>6.1655, and the error made in taking 
either number for 4 is less than 0.27 units; shown also by 
(Ma Yı)R= 0.27. 

Of course it is easy to see now, from (7,4; — y,)Z, that for 300 
subdivisions of (6—a) the error would be less than 0.027; for 
3000 subdivisions less than 0.0027; and so on. Let us see if the 
limit can be found. 


26. Introducing the literal values given in the example, we 


have S 
vb 


b—^r s 
» d AX >; Jyt’ Ar; 


a+Ax 
that is, 
E t(arAy m EDI =, 
I 
Ar 2 \2 2 |. 
«5 | (ath t(at2hpt+(atnh? |; 
Bom 20 30 AE 
IO 1 Jj 
EU Mya : 
il | 
LE ye St alla, 

10 72 2 72 6 

2 b—a POCHE =y n(n+ 1 ) m E 3! URS DO nod 2| 
IOZ |. n 2 n 6 

Whence 

] a 
b—a|l , ( I^ "i anno j| 
Ru er — See =A, 

=. Es + a(b—a)\ 1 dea a) 6 | 
b | E (24) 
a a? 4- a(6—a) ve + (b =a} ——22— >A. 
LOWS n 6 | 
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The first members of these last two inequalities are the areas 
of the À and Z systems of rectangles in terms of the number 
of rectangles. Whence, making z equal to 3, 6, 30, and a — 3, 
b= 6, we derive in order, 

TEA rur 
6.9875 > A > 5.6375, 
0.4355. — 4 > 6.1055; 


which agree with the results just calculated in another way. 
Taking z larger, À becomes larger and Z smaller; by taking z 
large enough, both Æ and Z may be made to differ as little as 
you please from 


Ro P 
LAIA qq poc ee 
3 3 
E , p ium 
Therefore the area required cannot differ from E — s )= 6.3, 
for the data of the problem. It should be noticed that, since no 


ae 2 ay = 
restriction was placed upon a and 7, the formula e _ ) is a 


general expression for the area enclosed by the curve 4l +, 


the axis of x and azy two ordinates whose abscissæ are a and 2. 
The result of the investigation is indicated by 


b—^ ? - 

dcum TX SA Ir NEA IE TR " a 
C Ar=o A Ax— A Lo > DAS on 

a AFA IO 30 30 


27. The Symbol f .* We indicated ee by zt then 
FOR p 


let us indicate 
br 


Nee o > Fe) Ax by C ax. 


Hence we have the equation 


* This symbol, the long s, was introduced by Leibnitz,and stands for “imit of sum." 
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28. It was shown in the preceding part of this chapter how 
the solution of the problem of areas can be made to depend 
upon the solution of the problem of a /¿mit of a sum. Many of 
the most important problems in mechanics can be made to 
depend upon a limit of a sum. We will take a simple example. 
Suppose we wish to find the space described in a given time by 
a freely falling body. We know by experiment that the velocity 
gains a definite number of units in each unit of time. This 
gain per second in velocity is called the acceleration of the body, 
and is represented by y. Near the surface of the earth ¢= 32.2, 
in the foot-pound-second system of units; this meaning that the 
velocity increases 32.2 feet per second in a second. 


SOLUTION. Let v, be the velocity at the beginning of the given time- 
interval, and measure time from that instant, representing it by 6. 
M , : A 
Divide the total interval, 7, into z equal parts, each „= A6, and 
represent the elapsed time at the beginning of the 7th partial interval by 


6,— r — 1 A0. Then the velocities at the beginning and end of the 7th 
interval are u +20,, v, + $0... 


yA ret 
Whence > (m+ 20,) A0 — s — Da (v + £0,)A0 ; where: s is the re- 
=l 1—2 
quired actual space passed over during the time # 


n+1 


But > (7 + g6,) ^0 -5 (ty + £6,) 40 
r=2 r=l 


= Y - > |e A6 
—g(0,4— 0,) ^0 VON, 


vanishes when A0 = o, from which it follows that 


| S =D A) = tod > 0^0 + e deor of AO. 


r=) 


Now E 290 = T S) AU = Uy, 
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and, resorting to the method of summation in Chapter L, using the 


identity 
lA Ari xt AY 
A S E , 
2 2 2 
n t—58 
Lt kd E: 
ee 92, 646 se 2,030 
I I t t—5 I 1 | 
pan t e 2 = 2 | 
AE 0 EADEM 
T APSO ST >z A 
UN amm cia OS 
A a UR d t 
t f£ 
Therefore s 2 (2, + 29) 40 = at Xd. 
0 


the well-known formula for the space passed over by a freely falling 
body with initial velocity a. 


29. Attraction. We know that the sun, the planets, and 
other celestial bodies attract one another; and the attraction of 
two leaden balls has been approximately measured. 

Newton's Law of Universal Gravitation may be stated as 
follows: Any two material particles in the universe attract cach 
other with a force which varies as the product of their masses 
directly and the square of their distance apart inversely. 

For analytical purposes we may-explain that material particle 
means indefinitely small body, and that distance apart refers 
to a distance indefinitely great as compared to the linear dimen- 
sions of the particles. So that all parts of each particle are 
supposed to be at the same distance from the other particle; 
or, to put it still more mathematically, we are to suppose it 
possible to accumulate attracting matter at a point. 
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30. Problem. Required the attraction exerted by a very 
thin homogeneous straight rod, whose mass per unit length 
is 6, upon a very small mass 72! in the produced axis of the rod, 
distant e units from the near end and ? from the remote end. 


SOLUTION. Let the line MA represent the rod, and m' the small mass 
in its axis, taken so that Mm' =a and Vm'=0. Consider a portion 
of the rod Ax in length, and let x be the distance of m' from the nearer 
m Ax 

he 
the attraction between Ax and 72! if all the mass, dAx, were concen- 


end of Ax. Then öAx is the mass of the portion, and £ would be 


trated at the distance x from m. Thus, if a, be the attraction of the 


masses considered, we shall have 


A e ! » 
j m = A _ k — a constant. 
2 (x + Ax) 
EN >. Ax 
pont SN SSA > on VS 
>, As > v 


where 4 is the required attraction. From this, by taking the difference 
between the extreme members of the double inequality, we easily show 


al vb 
at 23s : dx 
that 4 = km'd Í — It remains to find = 
ad T «a X 
M en I A 
From the identity — = , we have 


Da) En xx + À) 


b—Ax Ne b—Ar b DA j2 
> = pz >. i > x(x +h) 


L—h 
DEM oa I 
= — + A RA E 
a o 2, x"(x + A) 
LO 5 
| 710, 
(d de 


where p is a finite quantity, the arithmetical mean of the z terms of 
bh 


De a quantity which lies between Or LE and LS — 5 
a*(x +h)? a*(a 4- A) (6 — A)'6 
and consequently, for any admissible value of Av=/, between the 


limits t3 and y Also n4 = nAx=(b— a). 


a p 
; RI ur Db Ee E a 19 (2 Ea 
QI EE af. 2 = HILO = o E EAG ajh CS two 3) 
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31. From the foregoing examples we gain some idea of the 
utility and importance of the notion of a limit of a sum. The 
following problems will illustrate further: 


EXERCISES 


1. Let the student solve the example of the area of the curve „1; x* 
by finding the sums in terms of Ax instead of z, using an identity 


which he should be able to form for himself. 


2. Solve the example of the falling body by the method of the exam- 
ple of area. In this form it involves an arithmetical progression. 


(Lae ee (6 x° +4 xA +h 


4 4 


x’Ar= 


Q 
x 
E 

wM- 
> 
e 
L 
E 
| 
Y: 
E 
un 
O 
> 
= 


where Ax = A, letting p be a quantity which lies between the greatest 
A XA E 
4 


E b 4 4 
Ans. J. dx = e = KA 
a 4 4 


and least of the 7 terms of > 6x + 


b 
4. Find | © 
a A: 


b gx Lt > Ax It Ax I AN x 
= ae 2 t + 
SOLUTION. PX. > == > TA 


a 4 3 
atar a a-SAr" 


"b a b ^ 
where Z'and S are any finite numbers ; thus Í dx EL > ar 


aa OX rl Ax =0 
Ax 1 Qo NAE 3x+2 Ax)Ax? 
Dés A AAA 2 x'(x + Ax)? I 


s Vax i Lt 5 Ax Lt ff eave 1 | 
; Jl x Ax=o > 27 Aro i Sq a 20 + re, + Ax7p h 


a 


where p and Axzp =(9 + Ax — a)p are finite quantities, 7 being the 


3x42 Ax)Ax? 
2. x*(x + Ax)? 


e ox ; : 
number of terms in 2 Thus Ax^zp vanishes when 


NI OT 
b gx I I 
Toa 24 


Therefore f 
afl 
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b 
Bi ji cos xdx =? 
Use cos xAx = | sin (s de 3 — sin (s det 3 | 2 
2 2 


eu 
sin? 
2 


Ans. sin 6— sina. 


Lt N 
6. BED es =? 


a 


SOLUTION. We know from algebra that log (1+)= DE = + = — À, 


yp 2 


where, 1 y= 1; 2 => = £ 


Hence, 


Ax TOAN A Ax æ HAX Aq NEST ANG 
1 zu %> log | Es 
ee e E ee) e 


and 
b 
- AGE XxAAÀx Ax Ax 
log Se E 2 
= + De DE > De + D 3 > 
b 
DAN ATT 
But log = log — is EE M RE 
2 a Zo EE 2 
Ax I I A5 Ax? 
7 z m Le =o and Lt A 
x 2a 20 2 3 
»/ A 
Therefore f oes log A 
ae a 


7. Let the student see if he can name the most important difficulty 


which arises in the solution of these problems. 


8. Explain the meaning of the equation 


PO i E > EDIC +> Ass by 


and tell why it is that any finite number of vanishing terms may be 
omitted from the summation without affecting the limit. Illustrate 


graphically. 


CHA PEDE RELY 
OBSERVATIONS UPON THE INTEGRAL CALCULUS 


32. BEFORE taking up this chapter the student should have 
acquainted himself with the rules of differentiation and the forms 
of ordinary derivatives. He may have observed in the prob- 
lems of summation, that to find the limits of sums of the form 
> p(r)Ar, it was necessary, in the general case, to have an 
identity of the form 

o(r)Ar = la) — y(+Ax)+ F(a, Ar)Ar?. 

The fundamental theorem of the integral calculus puts into 
mathematical language a rule for finding the limit of any sum, 
of the kind considered, provided an identity of the right form 
can be found; and the rules and formulz of the integral calcu- 
lus afford a method for the discovery of the essential form of 
the identity when it exists. 


mb 
33. Fundamental Theorem. | f'(x)dx = f(b)— fla). Or, 
more explicitly, zb 
b 
iE 
arto 2 Y G)Aa — NK) — ya), 
where y'(+) is any function of x and y(x) any function whose 
differential coefficient with respect to x is y (1). 


Proor. We know that 


4 xh Er x ! 
CO PUE 2 PC I 


hence 


d(x +h)— $(x 
(ex > ee, 


where e is a quantity vanishing with 2 = Ax. 


40 
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Thus $'(x)Ax = (x +h) — (x) + he 
ate at oe Ss mb [6 +4) — $(a) + Ade} 
= $(6)—$(a) +2, hina 
=$) —$(0)4 0 A —a)e 
= $(4)—$(a) ; 


where 2 is the number of terms in the summation and « the arithmeti- 
cal mean of the z terms of the type e, a quantity vanishing with A. 
Therefore the theorem 


(2 0e=/0)=1(. QE». 


34. The importance and application of the theorem will be 
shown immediately by using it in the solution of the problems 
already solved. 


In finding the area of the parabola +1; 4?, it was shown that 
M 
the area — ( 


va 


2 3 
4 ro S Et 
1o 4* But 2 is a function whose derivative is 


Z 
Eb 
==) Pherefore, by the theorem, 
IO 
eT. DU 154 
A 2 ES ee 
a 10 PORO 


In the case of the falling body the space passed over was 


á 


" 
shown to be f (+ 90) 40. But 2,0 + ¢ = is a function whose 
) 


derivative is 7+ g8. Therefore 


SS Uy A 


sh 


4 ay I 
In the next problem the attraction was hno) à and —— 
Ju ya Y 


» y Aut m rs 
is a function whose derivative 1s a Therefore 


i-e (ma 


42 SUMMATION OF DIFFERENCES 


The remaining problems are tabulated in order in the three 
columns below, the first giving the problem, the second the 
. function whose derivative is to be of a given form, and the third 


the result : 
vb yé bt a 
{ dr, == — 
4 4 4 
f. b ga I I I 
a? == , E à 
a x9 242 2a? 2b 
b . LI . 
D Cos xd x, sin c, sin d — sina. 
a 
(rb 7 - 
da 
J — log t, log 6 — log a. 
WAR 


b 
35. The expression p(1)dx is called the definite integral 


of b(x), or of $(x) ax, between the limits a and b. Now the funda- 
mental theorem tells us that the value of this definite integral can 
be found by finding the function whose differential coefficient 
is d(r), substituting first à, and then a, for x in this function, and 
subtracting the latter result from the former. We then very 


properly define Sónar, to mean any function of x, which, 
when differentiated, gives (x). Thus, let (+) be such a 
function; then Aro] Lo = $00. Hence there 
are an infinite number of such functions, any two of which 
differ by a constant, but any one of ICE satisfies the 
conditions of the theorem. We call fecoax the zndefinite 
integral of d(r); it is a function CNN when found, generally 
leads to the definite integral between the given limits. The 
indefinite integrals in the above problems are ts UO +2 B46, 


I x I 
E | Gr ar TN LS 9 
x 4 Dor 


+c, sinr +c, and logr +c. Hence we 


*b 
see that { F(x)dx is not a function of x. What is it a func- 


tion of Is | Z(x)2s a function of x3 
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36. The indefinite integral does not always exist for every 
form of function taken for derivative, and no general rule for 
finding it can be given without the use of transcendental func- 
tions. Thus the processes of the integral calculus are indirect, 
and depend upon our knowledge of the forms of derivatives 
gained in the differential calculus. We mean that the integral 
calculus depends upon the differential calculus, but that definite 
integrals, and consequently zzdefinite integrals, may be found 
by the ordinary processes of algebra without reference to differ- 
entiation; if this be called zztegration, then integration does 
not necessarily depend upon differentiation, a point very impor 
tant to understand. 


37. After reading the integral calculus, the student should 
follow it up with references to the Encyclopedia Britannica, 
at “Infinitesimal Calculus" (Historical Introduction) and at 
* Archimedes "; Cajori's History of Mathematics, at “ Hippias 
of Elis" * Antiphon," ‘ Eudoxus," and elsewhere. Thus it 
was that the germ of the infinitesimal analysis had already 
assumed tangible form even in the remotest of antiquity. 
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BRPRRAGE 


No student should enter upon the study of analytic geom- 
etry without an elementary knowledge of that part of the 
theory of determinants which treats of elimination and the so- 
lution of simultaneous equations. This will be the more readily 
conceded when it is shown that such knowledge may be gained 
in fewer than a dozen lessons. Seven introductory lessons in 
theory of inversions and determinants would scarcely suffice 
per se to make a lasting impression upon the student; but 
if the elementary principles thus learned are immediately ap- 
plied to the solution of problems in analytic geometry the 
good gained from such a brief course should be very consider- 
able. In whatever manner the student be introduced to a sub- 
ject, it is, in most cases, only by constant recurrence and many 
varied illustrations that the value of a process is finally realized. 

It is thought by the writer that the treatment of inversions 
as applied to determinants is new in some respects, and atten- 
tion is invited to the numbered theorems and related matter 
which form a chain of reasoning leading up to Laplace’s de- 


velopment. 


UNIVERSITY OF MINNESOTA 
April, 1902. 


INVERSIONS AND DETERMINANTS 


GLDATDAISEAeSI 
INVERSIONS OF ORDER 


I. Ifseveral consecutive symbols of a sequence, as letters 
of the alphabet, or numerals, be written in a line in any order, 
then an inversion of natural order, or simply an inversion, oc- 
curs whenever any symbol follows another which it should 
naturally precede. In bac, 5647, 4321, JKIHG, 564213, there 
are respectively 1, 2, 6, 9, I2 inversions. 


2. In considering any such line of symbols we shall number 
their positions to the right beginning at the left. Then the 
order of position of any symbolin the lineisof the rst, 2nd, 3d, 
degree according as it occupies the Ist, 2nd, 3d, position; and 
soon. The order of a symbol, and the degree of the order, 
is taken with reference to the natural sequence of the sym- 
bols in the line: it is the same as the order of the position 
it would occupy 1f the symbols were arranged in natural order 
in the positions of the line. It will be frequently convenient 
to refer to a symbol, or position, as being even or odd, meaning 
that the order of the symbol, or position, is of even or odd 
degree. 

3. Theorem I. Zn any line of symbols capable oy arrangement 
in natural sequence, tf any two symbols be interchanged the number 
of inversions in the line will be increased or decreased by an odd 


number. 


The interchange of any two symbols occupying consecutive 
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positions obviously causes a loss or gain of a single inversion. 

If there are m symbols intervening between the two to be 
interchanged, then the transfer of each of the two to the posi- 
tion of the other obviously causes a loss or gain of one in- 
version with each intermediate; moreover there is also a loss 
or gain of one inversion between the two symbols interchanged. 
Therefore there are 2m—1, an odd number, of losses and gains 
together. But the change in the number of inversions is the 
difference between losses and gains, and if the sum of two in- 
tegers be odd their difference is odd. Therefore the change 1 in 
the number of inversions is odd in any case. 


4. . A complex symbol can be formed by uniting into a single 
symbol of two simple parts any two symbols chosen from as 
many different sets of sequences of the kind we have been con- 
sidering. A #iply complex symbol may be formed by choosing 
from oe sets of sequences; and so on. As illustrations, 


(1 Dee A As, Q^, a’, Be, are doubly, and as m2%,9X , triply com- 


zz 


ton We shall confine our remarks to the first kind. 


5. DEFINITION. The order of a complex symbol is the sum 
of the orders of its simple parts. 


6. Theorem Il. Jf 70 any number of consecutive letters taken in 
any order, the same number of consecutive numerical suffixes be at- 
tached, one suffix to each letter, then upon writing these complex sym- 
bols in line in any order at pleasure, the total number of inversions 
among both letters and suffixes will be either always odd or always 


EVEN. 


In any one interchange of two symbols the number of inver- 
sions among either letters or suffixes is changed by an odd 
number (Theorem I); and the sum or difference of two odd 
numbers is an even number. Hence the total number of in- 
versions after one interchange remains either odd or even as 
it was. But by successive interchanges two ata time the svm- 
bols can be brought into any prescribed order one at a time 
The truth of the theorem is apparent. 


INVERSIONS OF ORDER: 7 


Example. The number of inversions in aise, dycsabe, 
dacsbam, or any other permutation of the group, is respectively 
ONO TONE Ven: 


Scholium. The greatest possible number of inversions in 
such groups is 2(2—1), where z is the number of complex 
symbols. 


7. Theorem Ill. 4» any line of doubly complex symbols, whose 
letters and suffixes are the members of corresponding sequences, the 
total number of inversions due to the presence of any specified com- 
plex symbol, Hy, is even or odd according as the order of that sym- 
bol is even or odd. | | 

If the order of A, is even, then AH and x are both even or 
both odd; consequently there must be present an even number 
of letters and suffixes together which are of lower orders than 
FE respectively. If A, is odd, then A, x are one odd the 
other even, and there must be present an odd number of 
letters and suffixes together of lower orders than A, x re- 
spectively. Therefore the number of inversions due to Æ, in 
the first position of the line is even or odd according as A, is 
even or odd, since the only inversions due to M, in that posi- 
tion are with letters and suffixes of lower orders than /7, x re- 
spectively. But the number of inversions due to //, is always 
even or always odd, independent of the arrangement of the 
line, since in any one interchange, and consequently in any 
succession of interchanges, it is impossible for 7Z to gain or 
lose an odd number of inversions with any other doubly com- 
plex symbol. The theorem follows. 


Cor. The number of inversions due to the symbol Fl, is even or 
odd according as (—1)" is + or yr being the order of H,. 


Cor. Jf there be a line of simple symbols arranged in any 
order, then the number of inversions in the line due to the pres- 
ence of any specified symbol of the sequence will be even or oda 
according as the sum of the orders of the specified symbol and 
¿ts position is even or odd. 

For a line of doubly complex symbols may be written with 
its letters in natural order and its order of suffixes correspond- 
ing to the order of symbols in the given line. Then the order 
of position of any suffix is the same as the order of its literal 
partner, and the number of inversions in the given line is the 
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same as the number in the written line. The corollary follows 
from this and Theorem III. 


8. DrrixrTION. The order of a group, of two or more com- 
plex symbols, is the sum of the orders of the constituents of 
the group. 


9. Theorem IV. Zhe number of inversions in any line of 
doubly complex symbols, due to the presence of any specified two or 
more such symbols, is even or odd according as (—1)***ts + or —; 
s being the order of the specified group and i its number of inversions. 

Let S be the sum of the numbers of inversions respectively 
due to each symbol of the specified group considered sepa- 
rately. Then S includes each inversion occuring among the 
specified symbols ¢wice, and each inversion between a symbol 
within the group and another without the group b:t once. 
Therefore S—7is the number of inversions due to the specified 
group in the line. But S and s are both even or both odd 
(Theorem III and properties of numbers). Therefore the 
number of inversions due to the group is even or odd accord- 
ing as S—z, and consequently as sz, is even or odd; that is 
according as (—1)**, and therefore as (—1) $+*, is + or —. 


Cor. Theorem IIT ts a special case of Theorem IV, since then 
UE 


Examples. 
I. Is the number of inversions in ae cı f; ge da es bs, due to 
the presence of a» ge ds bs, even or odd? For ease of enumera- 


tion represent the groups' by 123 5 Ag and Le 


5 
L'ANTO QUE 2673 € 
In the latter (s—2)=30—5=25, and (—1)® is —. Hence there 
should be an odd number of inversions due to ! EZ and by 
263.5 
actual count there are 17 in 1367452 and 2 in 3 RN eav- 
BEN 174 
ine 15, an odd er, due I OR. E 
g 15 anoda number QUESO 
DIONS TS 
> P me Ex = 365 : 
2. In Ex. 1 s—2—24 for2—2; and accordingly there are 
174 


12 inversions due to 3 6 à 
177.4 
3. In @ a2 cs 65 es there are 6 inversions Cue to the presence 
of c es di for which s —¿=16 an even number. 
+ 


CATE ALS 
ARRAYS AND DETERMINANTS 


| Lo O TIN AO 
TEM 10352 16:31 Sr 
19, Ihe expression 5T 3 a exhibits 4?—16 


on 


quantities included between the verticals. In general an ex- 
hibit of 2? quantities may be formed in square array by ar- 
ranging them thus in z vertical columns and z horizontal rows. 
Three exhibits in square array of the 9 quantities I, 2, 3,...0, 
are 


A 2 3 Dp 
ESL EE 2 7 
2,294; SR Om WN ia Area, 


11. In any square array we will number the columns in con- 
secutive order to the right beginning at the left, and the rows 
in consecutive order downward beginning at the top. Thus, 
the third column, or column 3, in the first array above contains 
the quantities —71, —16, 4, —8, while row 2 contains 51, 32 
—16,31. Instead of numbering the columns and rows I, 2,3,..., 
it will frequently be convenient to ¿letter them a, b, c;... ; i.e. 
column 3=column c, etc. 


12. With two sequences of z simple symbols each 7? differ- 
ent complex symbols can be formed by writing every symbol 
of one sequence z times and affixing in any uniform manner, 
to each one so written, the z symbols of the other seqence, 
singly, in succession. In illustration, the 3?=9 symbols 41, a2, 25, 
br, a, bs, 1, C2, cs, are composed of the three letters a, 2, c, and 
the three figures 1, 2, 3. Again, the nine complex symbols 

122094. 213 172.53 i l x 
s soie mie (it). (12) (3), (20), (22); 


, 
eai Gir (ez 22 aresicrmied trom 1, 2,° 3, and. 1, 2, 3. 
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Hence we may represent any n? quantities in square array by 
any one of 


| E3 
di Gy la dl | S OY A | (71) (12) (13) 25 LIA 
| dy G2 db... | | aa bic... | l-(21) (22) (22.27 (220 
[Ge COM CBee. Cn a3 b3 C3... . M3 | (31) (32) G3)... (37). 
MUS AC rue e A Ene h.c te IE eruere 
un MATOS IN Duo Due ann (z1) (22) (23)... A ned 
* 
I 2 3 nu | 
T I £ 1 
I 2 de A. 
2 2 2 2 
RS eet 
OE en 3 | 
y EE diee 4 
n n WL n 


13. In the first array just written the order of any letter is 
the same as the order of the row containing it, and the order 
of any suffix is the same as the order of the column containing 
it. In the second array letters correspond to columns and suf- 
fixes to rows. The modes of arrangement in the remaining 
two arrays are apparent. It is evidently immaterial which one 
of these, or other similar forms, is used, simply, for the pur- 
pose of representing a square array. 


14. DEFINITIONS. The 7? quantities of an array are called 
constituents, or elements, of the array. The order of a constit- 
uent with respect to rows or columns is respectively the same 
as the order of the row or column containing it. The order of 
a constituent with respect to rows and columns is the sum of 
the orders of the row and column containing it. A square ar- 
ray of v rows and z columns, and consequently containing 7? 
constituents, is said to be of the sth order. Care must be 
taken to distinguish different classes of order. 


+15. Hence we may not only represent an array of quanti 
ties by a similar array of De symbols, but each symbei 


* 


% Hes ot course the es and ihe numbers resulting fun their combination, do 


not have their usual signification; but any symbol, as 3 or (32), represents the quantity which 


stands in the same position in the array represented. 
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may be taken to represent the value and position of the corres- 
ponding quantity of the array represented, by having the orders 
of every pair of associated simple components correspond to 
the two orders of position referred respectively to rows and 
columns as has been explained. 


16. Coordination of products. The product of any # con- 
stituents of a square array of the wth order, so selected that 
one and only one constituent is taken from each row and one 
and only one from each column, we shall refer to as a product 
of the array. There are other ways of coordinating products, 
but this is the only one with which wé shall be concerned. 


17. The diagonal row of constituents through the top left 
hand corner of the array is called the principal diagonal, and 
the product of the constituents of this diagonalis the principal 
product of the array. 


18. In considering any such product, take the factors in 
order to the right, beginning at the left. Then, corresponding 
to this order of factors, there is an order in which they were 
taken from columns and an order in which from rows. We 
shall speak of such an order as the order of choice, or order of 
selection, from columns or rows as the casé may be; when such 
choice has been made in the natural order of rows or columns 
we shall refer to 1t as the natural order of choice. 


Jllustration. What is the order of choice from rows and col- 


umns in the product, 7 0 Ze, of the arra; | FAN | 


The order of selection from columns is 3241, or CBDA; the 
order of choice from rows is 4132, or DA CB; the order of 
choice from columns and rows is represented by cabıdaas, or by 
322914. 

49.2 


19. Theorem. Zn any product of an array, coordinated as in 
Art. 16, the total number of inversions of natural order in the orders 
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of choice from rows and columns is always even or always odd ir- 


respective of the order of factors. 
The general square array may be represented by 


I I es A 
Ch n 
DIRT 2 
TS 3 n | 
REY CES S 
I 2 3 721] 
"ets ntn | 
n n (S n 
INS n |; 


the natural orders of superior and inferior components corres- 
ponding respectively to natural orders of rows and columns. 
Take any product of the array, asa 8 y....e, represented by 
: ae - +; then the orders of arrangement of superior and in- 
inferior components, corresponding to the order of factors, is 
the same as the orders of choice from rows and columns re- 
spectively. But (Theorem II) the total number of inversions 
among the complex symbols in the product is always even or 
always odd irrespective of the order of factors. Therefore, the 
total number of inversions of natural order, in the order of 
choice from rows and columns, is always even or always odd 
Irrespective of the order of factors. 

Cor. 4f the sign-factor(—1) be attached to any product of 
the kind mentioned, à being the total number of inversions of 
natural order in the orders of choice from rows and columns, then 
the sign with which the product is to be ultimately affected is always 
“>, or always —, irrespective of the order of factors. 


zo. The determinant of a square array of the wth order is 
the algebraic sum of all the possible products of the 2? con- 
stituents taken z together, limited by the condition that one 
and only one constituent is taken from each row and one and 
only one from each column; the sign with which any product 
is ultimately affected being +, or —, according as there is an 
even or odd total number of inversions of natural order in the 
orders of choice from rows and columns. 


21. The determinant of a square array is frequently repre- 
sented by A. Hence the definition of a determinant, ex- 
pressed in mathematical symbols, is A = X (—1) (abe... .n,) ; 
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where z is the degree of the array and z the total number of 
inversions in the term to which it refers; the summation to ex- 
tend over all the possible terms that can be brought into co- 
ordination by the rule of Art. 16. 


[rdi Ole. vie 7H. 


| 42 02... 72 


22. The square array will be represented by 


nur One A 
Jar 42....71,|, it being understood that a, b3,....1My, are but 
the constituents of the principal diagonal of tbe array. The 
suffix e denotes that the superior components of the complex 
symbols correspond to columns. In like manner 


see eee os... 


M1 Mz... My | 


will be represented by |421 bz... n|» 7 referring to rows in 
the same manner that c does to columns. 


23. When the terms of a determinant have been written out 
with their proper signs, or when the process of writing them 
out according to any definite rule has been represented, the 
determinant is said to be developed. 


CHAPTER III 
FORMATION OF A DETERMINANT 


24. In the sequel an array will be frequently spoken of as 
being a determinant, meaning however the determinant of the 
array; just as in algebra x frequently means value of x. In the 
same way it will be convenient to refer to rows and columns 
of a determinant, meaning rows and columns of an array from 
which the determinant may be developed. When no distinc- 
tion is necessary the word Zze will be used indifferently for 
row or column. 


ac. There are n! terms of A. Let 71,7,....7,,.represeme 
the n rows and ¢1,c,....¢, the 2 columns of a determinant, A, 
of the nth order. By (r,,c4,) = we shall mean the constitu- 
ent at the junction of the th row and ¿th column. Associat- 
ing any 7, as 7,, with any c, as cj, we shall have, e a constitu- 
ent of A. Associating any one of the remaining 7's, as 74, 
any one of the remaining c's, as Cp, anothcr Conse Litas : 
represented which is not in the row or column of‘ Ag ain, 
associating any 7 still remaining, 7;, with any c still emana 
£4, we have i a constituent not in hy row or column alreadv 
chosen. Continuing this process until all the rows and col- 
umns have been exhausted, we have a set of constituents co- 
ordinated by the rule of Art. 16. The product of these con- 
stituents together with the sign-factor (—1)', z being the num- 
ber of inversions in? 7 /. . > is, by definition, a term of X: 
it is clear that any permutation of 71,72...7, combined with any 
permutation of cı, c2....¢,, one y with one e, will lead to a term 
of A. But there are z! permutations of » symbols taken all 
at a time. Hence there are (z!)? ways of writing terms of 
A, and no more. But each term may be written in z! ways. 
Therefore there are (al? =m!=mnm! terms of A, and no more. 


* 


28. AR is Important to bear in mind that such expressions 
as ;,4--4, where the superior components refer to rows and 
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the inferior to columns, or vice versa, fully indicate the orders 
of choice from rows and columns and represent the constituents 
of a product. : 

Examples. 


1. What are the signs of the terms Zóg y, Zecaz, f km d, 
ofthe determinantof| 5; 5» c dl 


| e Ua 2 h 5 
MEE AA 
aap g 


The foll wing scheme shows the method of determining 


signs: 
(EMS NOM SEE RA 
order of| rows: 3 E y B a à 2B A I 
eh 


14 
selection (columns: 1243 dacb 
number inversions: 4 7 5 

sign of the term: Be -- == 


Scholium. The factors of the terms may be rearranged in 
natural order as to rows or columns. Then the process may be 


as under: 
DO E d f K m 
DIO (CHL IS ôBya 
2 3 5 
Of course the same signs result as before. E : 
DIS 272 y ca term of Ain Ex 17 6468 


27. Let |aı b....m,]. represent the determinant of a 
square array of the wth order (Art. 22) to be developed. Then 
selecting constituents from columns in natural order for every 
term, permuting into new order the order of choice from rows 
for each new term, is represented by writing @d....min 
natural order z! times and affixing the xz suffixes each time in 
a new one of their z! permutations. Thus there will be z! dif- 
ferent terms, which are therefore all the terms of A, and the 
sign of any term will be the sign of (—1)', z being the number 
of inversions among the suffixes of that term; there being no 
inversions among letters. The algebraic sum of these terms is 
A. This is merely a systematic method of doing what was 
outlined in Art. 25. 

If we select from vows in natural order, permuting the 
order of choice from columns, we shall evidently arrive at the 
same result, but the sign is determined by the number of in- 
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versions among the letters, there being no inversions among 
suffixes. 

28. Let the determinant be represented by laı d2...., \r- 
Then the scheme of development with respect to natural order 
of vows will be identically the same, with regard to symbolic con- 
stituents, as it was in the development of |a1 &.... m,|. with 
respect to natural order of columns; but only the symbols of 
the principal diagonal represent the same constituents of the 
determinant in the two cases. Either scheme, however, must 
lead to the development of the determinant represented since 
both accord with the definition of a determinant. 


Examples. 
26 4 
Develop 53 9 Represent it by | a1 Ze cs |e. 
=) ih 


Then letters correspond to columns and suffixes to rows. 
Hence selecting from columns in natural order and permuting 
the orders of choice from rows is indicated by writing aise, 
M0302, a2b\C3, azbscı, asbic2, asbacı, the letters being written in 
natural order and the suffixes permuted in all possible orders, 
each permutation corresponding to a termof A. Counting the 
inversions among suffixes in each term, attaching correspond- 
ing signs and substituting the values of the constituents, we 
obtain the 3! terms of A; thus 
2 (—1) (aibses) = +.(2)(—3)(—8)(2)(1) (9) (5) (6) (8) 
+ COGO) (MA) (—6) (9) AE 
= 48—18—240-4-204-378—84 
= 104 

Scholium. To follow the symbolic definition (Art. 21) to the 
letter we should write 

A = (—1)? (ases) + ( —1)! (ardsce) + (—1)! (aedics) + (—1)2 
(asbici) + (—1)? (asbico) + (—1)8 (azboc1); but this is unneces- 
sary as the number of inversions in any term is +, or —, ac- 
cording as the number of inversions in that term is even or odd. 

2. Represent À ia Ex. 1. by | arb2c3 |, and develop. Com- 
pare results. Compare Art. 28. 

3. Let the order of choice from columns in Ex. 1. be dca 
for evcry term. Compare results. 

Suggestion. z= number of inversions among both letters 
and suffixes. 


4. Develop 


Ans. 55. 


Nom C m 
Hine N 
= + om 


+ WN HQ 
UR 5 


| 


CGHNXEMIE RAIN 
PROPERTIES OF DETERMINANTS 


29. Theorem. A determinant is unaltered by changing its rows 
into corresponding columns and its columns into corresponding vows. 


Represent A by | a, 4»... .77, |. (Art. 27). Change columns 
to corresponding rows in the manner of the theorem and repre- 
sent the resulting determinant by Ai. Then Aj=| a, d2,....71,|,. 
But (Art. 28) | 2, 02,....M,l. = | ai, bo,....m, |, Therefore 
VEN ANTE O. E. D. 

Scholium. Here of course we do not mean the arrays are 
identical but their determinants are. 


3o. Theorem. 4A determinant is unaltered in absolute value, 
but changed in sign, by the interchange of any two rows or any two 
columns. 

Let Zuz| a b2..h;..2:..7, |e be the determinant whose col- 
umns corresponding to Z, £, are to be interchanged. Then 
Ao= | a b2..k,../u..m, |. is the resulting determinant. De- 
veloping both with respect to natural order of columns, any term 
of Ai, as (—1) 2, du. Ap. «Ego yy will appear in Ag as (—1) 
4s Ow. hg. his. . Mu, Where the order of suffixes is the same ex- 
cept that p and gare interchanged. Therefore (Theorem 1.) 
the signs of the two terms are different. But this reasoning 
applies to any term of Ai. Therefore for every term of Ar 
there is another in Zw of equal absolute value but of contrary 
sign. Therefore Ai = — As. 

Let the student give the proof for the case in which two 
rows are interchanged. 


31. Theorem. The determinant of a square array, in which 
zwo rows or two columns are adentical, is equal to zero. 


Any interchange in the manner of the theorem should 
change the sign of A. But the value of A is evidently iden- 


IW SUIMOJ104 “SN Y 


‘A YALdVHO Se peSueiae eq 
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tically the same in the two cases. Thus A is unaltered in value 
by changing its sign. Therefore A = o. 


32. Theorem. /fall the constituents of one line be multiplied 
by the same factor, the determinant itself will be multiplied by that 
factor. 


Let |z1£s....7:5,, == A. Multiply any line as the th row, 
or pth column, by m. Then all the constituents of the form 
45, or all of the form p,, become zur, or mp, respectively. 
But every term of A contains one and only one constituent of 
each of the forms mentioned. "Therefore every term of A, and 
consequently A itself, is multiplied by zz in either case. 


Cor. From the above and Art. 31 it is concluded that 7f zwo 
rows or two columns differ only by a constant factor the determinant 
must vanish. . 


33. The following examples are solved by applying one or 
, more of the foregoing theorems, as will be evident upon ex- 
amination of the reductions: 


Exercises. 
| | ] 
MT 2 4 I EE: | x I n 
1 Ue le er eb I-1|—90 
Ico Ono I STATION RP TNT el 


The last step is to subtract three times the first column from 
the third. Both steps might have been done in one reduction. 


f 


Ta ACTOR Glib ed 
2. 13 15 10 1=,6|13 18 5 |es 64 Sn Sa 
OS TS LA) AN 


The last determinant develops easily as there is only one 
term not vanishing. 


T ML LINT cq reto 
SAO SEO SS aab] 6 
3,000 7 8348 


I 
They reduce tolr i O and 
I 


mm = NT 
Sup qc ves 
= 
= 
Il 
O 


5. 


minan 


The fi 
and m 
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7 14 14 

12 9 24 |— o, because the third column is twice the first. 
SENVZTOÓ 

M. Aa 2 ww 

2—2 I|=| 4 6 Oo|=0; Since in the last deter- 
—23—8 I -2—8 1 
t the 2nd row is twice the first. 
|o 3$ 1 OL OR ONE 

DOM Ou Eq 3s QO) I = 0. 

Ray I | ity Ge TOES 


rt reduction is made by dividing the rst column by 3 
ultiplying the 2nd by 3. ] 


7—2 5 52 7 | 4 1-3 
B i ajsa a = er 
30,3) A G 

| 1 pee SEO 

—|12—2 71\—| 14 2 I 315 

| x GREA e CERE Re 
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GHA PAG ERS sy 
MINOR DETERMINANTS 


34. When any number of rows and the same number of col- 
umns of a square array are deleted, the remaining square array 
is called a minor determinant. The square array of constituents 
which lie at the junctions of deleted rows and columns is also 
a minor. The two minors thus formed are called complement- 
ary minors. A first minor is formed by striking out one row 
and one column; a second minor by striking out two rows and 
two columns; and so on. The first minor formed by suppress- 
ing the row and column through any particular constituent, as 
x, is called the minor of that constituent and is represented by 
/\x» A constituent and its first minor are complementary 
minors. 

| amen aL bi (1 


la À Gia Gt | ba c | . 
Ml | are first minors of | as ba Ca 


| a be |, | ös es | 


j SES 


| a3 bs 65 
and are respectively LM, Ad, Aa. 


35. It follows from the definition of a minor that the 
natural order of its rows and columns is also natural order with 
respect to rows and columns of the original determinant. 
Therefore, Ze number of inversions in any term of the minor refer- 
red to natural order of rows and columns of the minor, ts the same 
as the number of inversions referred to rows and columns of the 
original determinant. 


36. Theorem V. The sum of all the terms of A which contain 
a given constituent, k, ds (—r1)' k Ay, where y is the order of k re- 
ferred to rows and columns of A. 


Since no term of A which contains £, can contain any other 
constituent from the row or column through &, it follows that 
every term of A which contains & must be the product of 
(—1)' & (Theorem III and Art. 35) and some term of Ay; con- 
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versely, the product of (—1) £ and any term, 7,, of A, is ob- 

viously a term of A. Therefore the sum of all the terms of A 

which contain & is 2 (—1)"k7, = (—1) £57, = (—1)"kA,. 
Cor. A determinant of the nth order may be written in the form 


Vk, Ky, where hi, £a... Ry, are all the constituents in any line of 


ZX and Ky =(--1)" Az, 


For (—1) 2, Az, is the sum of all the terms of A containing 
£,; hence T(—1)#, Az, is the sum of æ the terms which contain 
an element from the # line of A. But every term of A must, 
by definition, contain one element from the % line; therefore 
there are no terms of A besides those written. 


a7 meer actors A EAS cow A, are the cofactors of 
Ja, ha, ce respectively; they are the minors Az, Az... AZ,» 
with positive or negative sign according as the orders of the 
complementary minors #1, #,....k,, with respect to rows and 
columns of A, are even or odd. When a determinant is ex- 
pressed in the form 22, K, it is said to be developed with refer- 
ence to the line containing the elements #. 


Scholium. It follows that (—1I)%Az is the cofactor of 4, if e is 


the sum of the orders of the constituents of any term of Az with 
reference to rows and columns of A. 


Scholium. The cofactor of a constituent, ax, will be repre- 
sented by the capital letter corresponding, as Ax. 


Exercises. 
24—1 14 3| 
17—4 12 
1. Find the sum of all the terms of 2 = 21 | Which 
6-2 3 6 


contain 13; also of those which contain o. 
By the preceding theorem and Cor., Art. 32, we obtain, after 
| 


2401013 24 —I 3 
expanding the last, 13 | 17 —4 12 | — oand —9| —3 721 
6 —2 6 6 —2 6 
— 15870. 
EN WE 
2. Develop | 0 x y | with respect to the 2nd column. 
B $9 wj 
¡OEA | eh Be ae te | 
Ans A Nue er IS 
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ho 
bo 


| a bi ca dı 

p | a2 ba c2 da = cı Cı + ce Co + ca Cs + ca Ca 
as bs £8 de 
a4 ba C4 d 

az ba da. | a b d 

= cı | as bs “| az b3 ds 

a4 Da de a4 bs ds 

ay hi dı aı hi a 

--ca| a2 ba de | — ca | a2 be de 

as ba dí as ba de 


4. What is the cofactor of 9, Ex. 1? 


ARSS 
a y 
> 4329-6 

CO 511152 


38. Theorem VI. The sum of all the terms of A such that 
each term of the sum contains one term of any given minor, Ax, ts 
(—1):2uZv ; Ar being the complementary minor and s the sum of 
the orders of the constituents of any term of Ar with reference to rows 
and columns of À. 


Since no term of A which contains a given term (—1)'X 
(hk....9g), of Zu, can contain any other constituent from any 
row or column containing #4, #,....g, it follows that every term 
of A which contains (4#....g) must be the product of 
(—1)'+*(hk....g) and some term of Az (Theorem IV. Art. 
35. Art. 20.); conversely, the product oE DE (A2....g) 
and any term T of Az is obviously a term of A. Hence the 
sum of all the terms of A which contain (AA....g) is 
(—1)s+# (kk....¢)A2. But this reasoning applies to every 
term of Ai; s +2 corresponding. Therefore the sum of all the 
terms of A which satisfy the conditions of the theorem is 


AI) (AR 9) Nr) 2 AE 0) 
(TI) ASIN 


since s is the same for all terms of A. 


Scholium. Since the orders of any two complementary 
minors are necessarily both even or both odd, s may refer to 
either Aj or A» indifferently. The generality of the theorem 
also includes this. : 
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Cor. A determinant, A, of the nth order, may be written in the 
form =(1)Xn4,; where any term of the sum consists of the 
product of the sign-factor ( —1), a minor, as Xm, selected from a 
given m rows (columns) of A, and the complementary minor Z,, nec- 
essarily from the remaining r rows (columns); s being the order of 
the principal diagonal of either Xn or Z, as explained above, and no 
two minors of the form Xm being selected from the same combination 
of columns (rows). 
= terms of +(—1):X,,Z, obviously 
contains m!r! terms of A, no two of which are alike 
(Theorem VI). - Further; no two terms of 2, as (—1):X,,Z, 
and (—-1) X,,’Z,’, can contain a term common to both, since 
Xm and A,” must differ in respect to the constituents of one 
. line at least, and one constituent from that line must appear 
sa every term of (=1)X,., and (—-1)* Ap iZ, . Therefore 
Z(—1yX,Z,is the sum of str! m 
two of which are alike. But this is all the terms of A. The 
corollary follows, 


For, every term of the 


=== m1 Terms ot A, no 


a) hi C1 ay el | 
az ba C2 d» ez 
30. Problem. Develop | 4s £s c3 ds es | in the form 
ON CRUE Bs OA 


. A5 bs C5 ds es 
E (—1)5 ax by) (Cu doe); (ax by) being a minor from the first two 


columns. 

Solution. Selecting the ten minors formed by the associa- 
tion of the first two columns with each of the 5.4—- 2! combi- 
nations of the five rows two at a time, we obtain (a 22), (a 43), 
(a1 64), (aibs), (a2 03), (az bs), (as 05), (as b4), (az bs), (4405); where 
(a1 £9) =| a ġ2lc, etc., the suffix c being dropped since it is under- 
stood that letters correspond to columns. Hence,énumerating 
orders, attaching sign factors, multiplying by complementary 
minors and summing, there results A =(—1)® (ide) (cades) 
+ (1)? (abs) (codes) + (—1)8 (a184) (cadses) + (—1)9 (aids) (codes) 
+ (—1)8 (abs) (cities) + (—1) (aob4) (cides) + (—1)" (a905) (e1dse4) 

a +(—1)P(a3b4) (c1d2e5) + (—1)"! (agbs) (cıdaes) ; 
+ (—1 n (asb5) (cades); 
the mode of development clearly being to write the 10 combina 
tions of the five suffixes, taken two together, in natural order in 
the places of x,y, in (axéy), for the ten minors from the first 
two columns of A. 


*Am = n (n—1) (n—2)....(n—m +1) is the meaning of the notation employed. By the 
conditions of the theorem we have n=m +r. 
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abcd 
az ba ca de | 
as bs c3 ds 
as ba £4 dí 
(xsy4) being a minor from the 2nd and 4th rows. We must have 
A = (—1)? (asha) (eda) + (—1)" (ascs) (b1d3) + (—1)"! (asd) (b1c3) 
+ (—1)! (docs) (aids) + (—1)P (62d) (axes) + (—1)!8 (coda) (aibs) 


40. Develop in the form (—1)s (x2v4) (24783); 


Scholium. To find the order of x2y4 simply add 6 to the 
sum of the orders of the letters in every case. 


41. The development of a determinant of the third order by 
the method of Art. 37, and the development of a determinant 
of the fourth order by Arts. 38, 39 and 40, should be thoroughly 
learned by the student. It is not necessary to introduce the 
sign-factor as the proper signs may be attached directly. 


CHAP SIR: VI 
SIMULTANEOUS EQUATIONS 


42. Theorem. /fihe elements of one column of a determinant 
be multiplied in order by the cofactors of the corresponding elements 
of any other column, then the sum of the products will be gero. 


Take a determinant of the 4th order, 
| 


Wig. Ma #2 52 
13 Ma 738 53 | 
Wis Ma Fa 54 


272100920191 FH si | 
| 
| 
| 


multiply the elements of the second row by the cofactors of 
the fourth and take the sum; 


thus: X = m Mano Natro Ritso Sa. 
But A =m Man Niras Rasa Sa. 


Whence AX may be found by changing m to m2, 74 to ns, and so 
on, un It follows that A = o. 


The reasoning applies to columns as well as to rows and to 
any determinant. 


43. Theorem. If each element of a column of a determinant is 
the sum of two quantities, the determinant can be expressed as the sum 
of two determinants of the same order. 


a à cA 


Thus; | da b2a-- 2. C2 E (bih) Bi+(02 +2) Ba + (0363) Ps 


da 6354-33 cs 


[741 hi MI a Aa 


=== | Ye) 05 62 | + 49 [fa © | 


| URSS 
| a3 Ds cs | a3 (73 C3 
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44. Theorem. A determinant is unaltered in value by adding 
to all the elements of.any row the same multiples of the correspond- 
ing elements of another row. 


I 21 03-8 (ama nd da ds 
Thus: | i 4 ds |=| 0 +mb+nmb3" ba bs |; for the second 
ICH ONES a+ma-nes C2 Os 
a d as mas da As Anas da (03 | 
a A 2 Allen Ook DAS OS 
Cy C9 63 7c9 C2 C3 ne3 C2 C3 | 


last two determinants vanish. 


45. Let it be required to solve the three simultaneous equa- 
tions 


D A+ ya s — m, 
a2 4 +02 y +0 3 = Ma, 
43 14b3 y+c3 2 = Ms. 


First. To find x. Multiply the first equation through by 
Ah, the second by As, the third by 43 and add. The coefh- 
cients of x, y, z in the resulting equation are respectively 


[741 Aı+as A+ a3 Az = ES, 
à Ai+ b2 A2+ bs As = O, 
cı A+ © A+ cs A3 = O; 


ab ca 
23 by ca | formed of the array of 


where A is the determinant 


az b3 CS ots, 


coefficients taken as they appear in the equations. Therefore 
Ar m Ait As+mz As = (m bz es) and x = (zn da cs) 3- AA. 


Then multiplying through by Ay, P», Bs, instead of zh, As, As, 
the value of y is found to be (426%) A. Finally, the value 
of z is found in similar manner to be (m da i) NS 


a SIMULTANEOUS EQUATIONS 


Examples. 


I. Find the values of zo, x, 9,2, in 


a wra Vyas ypas =a 
bi TUR bg a+b3 y+bs TN) 
CI wc ates ytes a= 6 
«^ wd: xd yds z = d 


a 03 Es ds) EAS AAN) 


== — — > 2 A ED A re — 
(a b2 £3 d4) (a b2 C3 ds) E A : 


(a bg Ca RA) 


= . 


A, 
9. SONO Jene 
2143442 =3 
duo IEEE e 
Solution. [6 2 3 4 2 I 
323 CES NT Sn 
«(n ETE dr d am SEO. e Ee 4 TEAN 14 at 
3 A Dac 1052085 DEOS ue. muc = 
E 
AE 2202 ©) 
SENE OUT TA AO 
I 3 I Ogee? —1 3 o 
2 4 2 2 —I 2 0 i g 
(ANRC e Nana DES RER a ere ah | TREO 
y= = = 
x A —6 O —3 3 
alo} Io CD a 
A eT e 25i Fo MET, 
LAR A e TP CE > Ben 
A ES] —6 5 —-6 3 


Scholium. Remembering the theorems the reductions are 
very apparent, excepting possibly the second reduction for 
the denominator of x, where the determinant is found from the 
preceding denominator by adding the 2nd row to the 3d and 
subtracting twice the 1st from the sum; then the 1st from the 
2nd, the first row remaining unchanged. 


Scholium. This method of solving simultaneous equations 
should be employed throughout analytic geometry in order to 
become familiar with the process. 


to 


N 
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46. Homogeneous Equations. In the case of (zz —1) homo- 
geneous equations containing 2 unknowns we cannot deter- 
mine the unknowns, but their ratios may be expressed in the 
manner of the following: 

et ij yo ea 2 ©, 

(2 + bs y + Z = O, 
be two homogeneous equations in three unknowns. Add be- 
low another equation of the same general form, 


ds 1403 y--68 2 =r, 


43, 03, cs, 4, being undetermined, and represent the array of co- 
efficients by A. 


oia 
o ba Ca 
no X b3 cs A As ABS AG 
Tow AO Sea MC ea We n 
rie y Z 
As San = WS. 


The method is easily extended to any number of equations. 


Example. 
2 7)--3 Xx— 475% — 0, 
4 W— x--12 y—2z = o, 
6 z;—7 x—20y+ z — o. 
“. Aı = — 376, Bs = — 752, Cy = 188, Da = 752. 
wW 22 3 z 
x = = 


GERN Dele R avi 
ELIMINANTS AND DISCRIMINANTS 


47. Elimination. To eliminate the zwo quantities x, y, from 
the ree equations 


4 x+% y+a = O, (ets) 
a x+h y+c2 = 0, 
a3 zb; y-|-cs = 0. (3) 


Moltipiy (1), (2), (3), mn order. by Ci, Co; Cs, andadde S The 


Q1 hi €1 
sum Is a to Co-+cs Cs =| az bz c | = O. 
as bs C3 


This expresses the condition that the three equations are 
simultaneous in x, y; that is consistent, or capable of being satis- 
fied by the same set of values of x, y. 


Similarly the four equations 


aı t+h y+cı 2+ai = 0, 
a2 X-- 6» y + £--d» = 0, 
a3 1403 y+cs 2+-d3 = O, 
da 4 + 044 yes 2-- d4 = O, 


between the ZAree quantities x, y, z, are consistent if 


[741 ài cad 
M by €2 ay 
az by cs as 
[771 bg C4 da 


In general z—1 quantities involved in a system of » sim- 
ultaneous equations may be eliminated by arranging the terms 
of each equation in corresponding order in one member and 
equating to zero the determinant of the array so formed by 
the coefficients. This determinant may be called the eliminant 
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or resultant of the system; the reader is referred, however, to 
the higher theory of equations for the precise definition of the 
resultant.* 


Examples. 


Eliminate a and y from the three equations 


a x+by+c1 24d, = 0, 
as x+b2 ytco stu = 0, 
as «+63 y+c3 24d3 = 0. 
ai ài caz+4 
Ans. as ba coz 4- d» | = ©. 


az b3 cz ds 


48. Sylvester's method of eliminating x from any two 
rational, integral equations in x is illustrated by the following 
examples: 


1. Eliminate x from the equations 


axri+bx+c =o and aa?--8x--y =o. 
We derive avLbeter =o; 
axitbx 4-¢ =o, 
ax+Birtyx =o, 
ax?+Bx+y —o. 
Whence, treating 4%, x? and x as so many unknown quanti- 
ties we obtain 
a Co 
oabe 
ab yo 
| ovum B y 


= O0; 


an equation free of x. 


2. ax*--óx^--ex--d =o and pr+gx+r = o. 
¡pa dedo 
| oabcd 
Ans. || B99 97 610: c0. 
obgro 
oobqr 


Scholium. It should be observed that the two given equa- 
tions cannot be simultaneous unless the coefficients are such as 
to cause the eliminant to vanish. 


* See Burnside and Panton on Theory of Equations, Vol. II, p. 69. 
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49. Discriminants. It is shown in the theory of equations 
that if f(x) have equal roots f'(x) must have at least one root 
in common with f(x). It is also shown that /(x) and / 
cannot vanish together unless f(x) have equal roots. There- 
fore the necessary and sufficient condition that f(x) have equal 
roots is that the resultant of the equations /{x) = 0, /' (x) =0, 
vanish. When a resultant 1s formed in this way with reference 
to a function, /(x), and its derivate, f'(x), it is called the dis- 
criminant* of the equation f(x) =o. Hence the necessary and 
sufficient condition that f(x) have equal roots is that its dis- 
criminant vanish. 


Examples. 


I. Form the discriminant of 4?—2 a r+a? = o. 


2 Ax) = 2124 a x+42 a, x/'(1)=212 a x; 


AA = La Das (CL) mo ee Da: 


the eliminant of which is the discriminant, 


| 


OR | 2 — 
2 


A 


of 2—2 a x--a?. Hence we infer that Ax) has equal roots as 
should have been seen at a glance. 


2." Form the discriminant of a°+-27—5 1+3. 


IRR Um) EA dm OCB) = BEE a > Ue oe 
nfs) —rf a) =x? — 10740, f(x) =3 +24 —5 


and the discriminant is the eliminant of 
4104] or = 


[o] 
4? — 10 «+9 = o, 
318472 x*— 5 x EO 

O 


e Ee A = 
I—IO 9 0 
Ans. | © ARC ER 
3 UR o 
o 3 D 


-g= 


*The reader is again referred to the theory of equations for the exact definitions of 


sultant and discriminant. 
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No 


o 


Scholium. A method for finding the equal roots of fr) is 
to equate the H. C. F. of Ax) and f'(x) to zero and solve for the 


equal roots. 


3. The discriminant of ayri+3a112+3409443 = o expressed 
as a determinant is 
aj 24 a2 6 
0 dy 20] a2 
4j 202 da 0 
[^ a 242 az | 


50. We should not confine ourselves to any one method of 
development but learn to make use of several; thus Ex. 2, p. 23, 
solves about as easily by Art. 41 as by the theorems made use 
of. Sometimes, however, one method possesses advantages 
over another and should be employed. 
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